Abstract. We consider the following question of Bollobás: given an r-colouring of E(K n ), how large a k-connected subgraph can we find using at most s colours? We provide a partial solution to this problem when s = 1 (and n is not too small), showing that when r = 2 the answer is n − 2k + 2, when r = 3 the answer is ⌊ n−k 2 ⌋ + 1 or ⌈ n−k 2 ⌉ + 1, and when r − 1 is a prime power then the answer lies between n r−1 − 11(k 2 − k)r and n−k+1 r−1 + r. The case s 2 is considered in a subsequent paper [6] , where we also discuss some of the more glaring open problems relating to this question.
Introduction
A graph G on n k +1 vertices is said to be k-connected if whenever at most k − 1 vertices are removed from G, the remaining vertices are still connected by edges of G. It is easy to see that given any graph G, either G or G (the complementary graph) is connected. A substantial generalisation of this observation, due to Bollobás, asks the following question: When we colour the edges of the complete graph K n with at most r colours, how large a k-connected subgraph are we guaranteed to find using only at most s of the colours? In this paper we shall provide a partial answer to this question in the case s = 1, and in a subsequent paper [6] we shall consider the case s 2, and in particular the cases s = 2, 2s = r and s = Θ( √ r), where a jump occurs. The majority of the problem, however, remains wide open. Bollobás and Gyárfás [2] observed the following example in the case r = 2 and s = 1. First partition the vertices of K n into five classes, four of order k − 1 (call these A 1 , A 2 , A 3 and A 4 ) and the fifth containing the remaining n − 4k + 4 vertices (call it B). Colour the edges between A i and B red if i = 1 or 2, and blue if i = 3 or 4, and colour the edges between A i and A j red if {i, j} ∈ {{1, 2}, {1, 3}, {2, 4}} and blue otherwise (i = j). Colour the edges inside the blocks arbitrarily. The construction is pictured below (Figure 1 ) with only the red edges drawn.
The second and third authors were partially supported during this research by Van 
How large a k-connected subgraph using edges of only one colour does this colouring contain? Suppose such a subgraph H uses more than n − 2k + 2 of the vertices, and assume (by the symmetry between the given red and blue edges) that the edges of H are coloured red. H must use some vertex v of A 3 ∪ A 4 ; suppose v ∈ A 3 . But now if we remove the vertices of
, and if n 4k − 3 then such a vertex must exist.
Since
we have shown that if n 4k − 3, we cannot guarantee finding a monochromatic k-connected subgraph on more than n − 2k + 2 vertices. Bollobás and Gyárfás conjectured that this example is extremal, i.e., that if n 4k − 3 we can guarantee finding a monochromatic k-connected subgraph on at least n − 2k + 2 vertices (note that when n = 4k − 4 the example above (with A 1 and A 2 blue cliques, and A 3 and A 4 red cliques) contains no monochromatic k-connected subgraph at all, so the conjecture really is the strongest possible). They also gave a short proof of a somewhat weaker statement [2] . Using the ideas from their proof, we are able to show that the conjecture holds when n 13k − 15. To state this result we shall need a little notation.
Suppose we are given n, r, s, k ∈ N, and a function f : E(K n ) → [r], i.e., an r-colouring of the edges of K n . We assume always that n 2. Given a subgraph H of K n , write c f (H) for the order of the image of E(H) under f , i.e., c f (H) = |f (E(H))|, the number of different colours with which f colours H. Now, define M(f, n, r, s, k) = max{|V (H)| :
s}, the order of the largest kconnected subgraph of K n using at most s colours from [r] . Finally, define m(n, r, s, k) = min f {M(f, n, r, s, k)}. Thus, the question of Bollobás asks for the determination of m(n, r, s, k) for all values of the parameters. We shall state all our main results in terms of m(n, r, s, k).
Our first result is the following; it is exactly the conjecture of Bollobás and Gyárfás in the case n 13k − 15. Theorem 1. Let n, k ∈ N, with n 13k − 15. Then m(n, 2, 1, k) = n − 2k + 2.
Unfortunately our method breaks down when n is much smaller than 13k, and an analysis of the situation for small values of k suggests that a completely different approach may be necessary in this case.
For r > 2 the situation becomes a little more complicated. Many years ago 1 , whilst studying a different problem (on hypergraph covering), Füredi [3] and Gyárfás [4] showed independently that n r−1 m(n, r, 1, 1) n r−1 + r whenever r − 1 is a prime power, with equality in the lower bound when (r − 1) 2 divides n. In Section 3 we shall give a short proof of this result. It is easy to modify the upper bound construction of Füredi and Gyárfás to give m(n, r, 1, k) n−k+1 r−1 + c n,k,r when r − 1 is a prime power, where c = c n,k,r r and c = 0 when (r − 1)
2 divides (n − r(k − 1)) (see Section 3 ). The next result shows that this upper bound is essentially best possible for these values of r.
Theorem 2. Let n, k, r ∈ N, with r 3 and r − 1 a prime power. Then,
and moreover, the lower bound holds for all 3 r ∈ N. In particular, if r and k are fixed, then m(n, r, 1, k) = n r−1
Finally, we shall determine the function exactly when r = 3.
Moreover, equality holds in the lower bound of Theorem 3 if and only if n + k ≡ 1 (mod 4) (see Corollary 16). The rest of the paper is organised as follows. In Section 2 we shall prove Theorem 1, and in Section 3 we shall prove Theorems 2 and 3.
2. The case r = 2 Our first task is to prove Theorem 1. Given any 2-colouring f of E(K n ), we write R for the graph on V (K n ) with edge set f −1 (1), and B for the graph with edge set f −1 (2) , so E(R) ∪ E(B) = E(K n ). We shall always refer to the colours as 'red' and 'blue' respectively.
The set of neighbours of a vertex x in a graph G will be denoted by Γ G (x), or just Γ(x) when it is clear to which graph we refer, and similarly the degree of x will be denoted d G (x), or simply d(x). We shall write G[A] for the subgraph of G induced by a set A ⊂ V (G), and
will denote the bipartite graph, with parts C and D, induced by G. For any undefined terms, see [1] .
The following simple lemma appeared in [2] . We give the proof for the sake of completeness.
Proof. If R is not k-connected, then B must contain a complete bipartite graph H on n − k + 1 vertices. Let the part sizes be i and j. If 1 i k − 1, then j n − 2k + 2, and any vertex v in the i-set has d R (v) 2k − 3, a contradiction. Hence i k, and similarly j k, so H is k-connected.
We shall also need the following easy lemma, which will be useful throughout the entire paper.
Lemma 5. Let G be a bipartite graph with partite sets M and N such that d(x) k for every x ∈ M, and |Γ(y) ∩ Γ(z)| k for every pair y, z ∈ N. Then G is k-connected.
Proof. Let G be such a bipartite graph, and let C be any subset of V (G) of size at most k − 1. We wish to show that
Finally, we make a trivial observation.
We are now ready to prove Theorem 1.
Proof of Theorem 1. Let k ∈ N, with n 13k − 15. The upper bound, m(n, 2, 1, k) n − 2k + 2, follows from the construction described in Section 1. To prove the matching lower bound, let f be a 2-colouring of E(K n ). We shall find a monochromatic k-connected subgraph of K n on at least n − 2k + 2 vertices.
By Lemma 4, we may assume that there exist vertices
2k − 3 and d B (y 1 ) 2k − 3, as otherwise the lemma gives us a monochromatic k-connected subgraph on at least n − k + 1 vertices. We construct (by choosing vertices one by one) maximal subsets X = {x 1 , . . . , x p } and Y = {y 1 , . . . , y q } of V such that . Also, by the definition of X, the number of edges in R with an endpoint in X is at most (2k − 3)|X|, so e R (X) (2k − 3)p, and similarly e B (Y ) (2k − 3)q. Hence,
since r p and r q. It follows that 1
and so dividing by pq/2, we get
Therefore p or q is at most 8k − 11.
Assume then, without loss of generality, that |X| 8k − 11. Note that X was chosen to be maximal, so d R−X (v) 2k −2 for every vertex v ∈ V \ X. Therefore, by Lemma 4, either R − X is k-connected, or B − X contains a k-connected subgraph H on at least n − |X| − k + 1 vertices. Suppose the latter. By the definition of X, any vertex x ∈ X sends at most 2k − 3 red edges into H, and so x must send at least |H| − 2k + 3 n − |X| − 3k + 4 n − 11k + 15 > k blue edges into H. So by Observation 1, B[V (H) ∪ X] is k-connected, and has n − k + 1 vertices. Hence we may assume that R − X is k-connected. Now choose a set M ′ containing V \ X by repeatedly moving from X to M ′ those vertices which send at least k red edges to M ′ . To be precise, set X 0 = X and M 0 = V \ X, and at time t ∈ N form X t and M t by choosing a vertex v ∈ X t−1 with |Γ R (v) ∩ M t−1 | k if one exists, and setting X t = X t−1 \ {v} and M t = M t−1 ∪ {v}. If no such vertex exists then stop the process, and set N = X t−1 and
is our desired subgraph, so assume that |N| 2k − 1. We wish to apply Lemma 5 to the bipartite graph
We must therefore first remove these vertices from M ′ . Let U denote the set of bad vertices in M ′ , so
Since each vertex of N sends at most k − 1 red edges into M ′ , R[M ′ , N] has at most |N|(k − 1) edges. But each vertex of U sends at least |N| − k + 1 red edges into N. Thus we have
and hence
since the function
is decreasing for x > k − 1, and |N| 2k − 1. We complete the proof of Theorem 1 by setting M = M ′ \ U, and applying Lemma 5 to the graph
since |X| 8k − 11, |U| 2k − 2 and n 13k − 15, and as observed earlier, d G (y) |M| − k + 1 for every y ∈ N. Therefore,
for every pair y, z ∈ N, so by Lemma 5, G is k-connected.
Remark 1. We can in fact improve (for k 18) the bound on n to n (9 + √ 10)k as follows. First note that n − 11k + 15 > k still holds, so it will suffice to show that |M| 3k − 2. Set α = 4 + √ 10. We have
We have the following rather weak corollary to Theorem 1 (and Remark 1), which would be improved by further reducing the bound on n.
Corollary 6. For every graph G on n vertices, G or G has a n/(9 + √ 10) -connected subgraph on at least n − 2 n/(9 + √ 10) + 2 vertices.
What happens when n is much smaller? For n close to 4k − 3 the problem seems to become much more complicated, so we have been forced to restrict ourselves to small values of k. It is not difficult to prove the Bollobás-Gyárfás Conjecture when k = 1 or 2 (see [2] ). We have extended this to the case k = 3.
Theorem 7. For n 9, m(n, 2, 1, 3) = n − 4.
The proof of this result involves a somewhat lengthy and delicate case analysis. We provide only a brief sketch, and refer the interested reader to [5] for a complete proof.
Proof. Let f be a 2-colouring of E(K n ), and suppose that there is no monochromatic 3-connected subgraph of K n on at least n − 4 vertices. We shall show that there is a vertex of high degree in R and in B. Since R is not 3-connected, there exists a K Assume without loss of generality that xy ∈ E(R), and let N ⊂ Γ B (x) with
,n−4 and we are done as before.
The remainder of the proof is an analysis of the following cases: either there is a v ∈ N with d
In the latter case, we consider the three subcases corresponding to when the set S = {v ∈ N : d N R (v) = 2} has cardinality 0, 1, or at least 2. Bollobás and Gyárfás noted that it is not even clear that in any 2-colouring of E(K 4k−3 ), there is a monochromatic k-connected subgraph at all. A proof of this could probably be used to improve the bound n min((9 + √ 10)k, 13k − 15) in Theorem 1.
3. General r and s = 1
In this section we consider the case s = 1, but for general r. The question of Bollobás thus becomes, what is m(n, r, 1, k)? We can derive an upper bound by considering finite affine planes.
Lemma 8. Let n, r, k ∈ N, with n r(k − 1) and r − 1 a prime power. Then m(n, r, 1,
and if (r − 1)
(n − k + 3)/2 for every n, k ∈ N, and if n 2r(k − 1), then m(n, r, 1, k) = 0.
Proof. Let n, r, k ∈ N, with n r(k − 1) and r − 1 a prime power. We shall describe a colouring f of the edges of K n in which there is no monochromatic k-connected subgraph on more than n−k+1 r−1
vertices. Since r − 1 is a prime power, there exists a finite affine plane AF r−1 of order r − 1. Let p 1 , . . . , p (r−1) 2 be the points and P 1 , . . . , P r be the parallel classes of AF r−1 . Let C 1 , . . . , C r be disjoint subsets of V (K n ), each of size k − 1, and let
The colouring f is defined as follows. If x ∈ V i and y ∈ V j are vertices of K n and i = j, then let f (xy) = t if and only if p i and p j lie on the same line in the class P t . If i = j then f (xy) may be chosen arbitrarily. If x ∈ C i , and y ∈ W , then let f (xy) = i. If x ∈ C i and y ∈ C j , then let f (xy) = min(i, j).
Let ℓ ∈ [r], and let G be a monochromatic, k-connected subgraph of K n , with all edges coloured ℓ by f . Suppose G contains vertices from two different lines of P ℓ . Then removing the vertices V (G) ∩ C ℓ from G disconnects G, and |V (G) ∩ C ℓ | k − 1, a contradiction. So G contains vertices from at most r − 1 of the sets V i . Similarly, G may contain no vertex of the set C i if i = ℓ. Hence
Since ℓ and G were arbitrary, this completes the proof of the first inequality, and if (r − 1) 2 divides n − r(k − 1), then we can remove the r term from the right-hand side of (1).
If r = 3, we split into two cases: n − 3k + 3 ≡ 1 (mod 4), and n − 3k + 3 ≡ 1 (mod 4). If n − 3k + 3 = 4q + 1, then exactly one of the sets V i has order q + 1, and so (1) becomes |G| 2q + 1 + (k − 1) = (n−k+2)/2. If n−3k+3 ≡ 0, 2 or 3 (mod 4), then
. To prove the final part of the lemma, let n 2r(k − 1), and consider the following colouring g of E(K n ). First, partition the vertices of K n into 2r sets D 1 , . . . , D 2r , each of size at most k − 1. It is well-known (and easy to prove, see [1] for example) that one can partition the edges of K 2r into r edge-disjoint Hamilton paths of length 2r − 1, with each vertex an end-vertex of exactly one path; let these paths be Q 1 , . . . , Q r . If x ∈ D i and y ∈ D j with i = j and ij ∈ Q t , then let g(xy) = t; if i = j, and i is an end-vertex of Q t ′ , then let g(xy) = t ′ . It is easy to check that the above colouring contains no k-connected monochromatic subgraph, so if n 2r(k − 1) then m(n, r, 1, k) = 0.
Below is the colour 2 subgraph of the colouring described in Lemma 8 when r = 3 (Figure 2 
Figure 2
Lemma 8 gives us the upper bounds in Theorems 2 and 3. We shall now show that m(n, r, 1, 1) n r−1 for every n and r. Füredi [3] and Gyárfás [4] discovered this while studying a hypergraph covering problem, namely, if one has r partitions of [n] such that every x, y ∈ [n] lie in a common block of at least one of them, then how small can the largest block be? This is obviously equivalent to our problem, since the monochromatic components define r partitions of V (K n ), and if an edge is coloured i then its endpoints lie in the same block of the i th partition.
We present a short, simple proof of this result, the ideas of which will be extended to give the lower bound in Theorem 2.
Lemma 9. Let m, n ∈ N and c ∈ [0, 1]. If G is a bipartite graph with part-sizes m and n, and e(G) cmn, then G has a component of order at least c(m + n).
Proof. If c = 0 the result is trivial, so assume c > 0. Let M and N be the partite sets of sizes m and n, respectively, and let xy ∈ E(G).
The order of the component of G containing xy is at least d(x) + d(y).
Since Proof. Let n, r ∈ N, let f be an r-colouring of E(K n ), and let C be a monochromatic component of K n . If C spans the whole of V (K n ), then M(f, n, r, 1, k) = n, and we are done. Otherwise, the edges of We now return to the situation for general k. The strategy we shall use to prove the lower bound in Theorem 2 is analogous to that used in the proof of Theorem 11. First, in Lemma 13, we shall derive an (asymptotically tight) upper bound on the number of edges in a bipartite graph with no large k-connected subgraph (as we did in Lemma 9). From there we simply determine how large a k-connected subgraph this ensures.
We shall use the following simple observation in the proof of Lemma 13.
Proof. Expanding the inequality shows it is equivalent to (ad − bc)
The next lemma is the key step in the proof of Theorem 2. It is the analogue of Lemma 9 for general k.
Lemma 13. Let q, ℓ, m, n ∈ N with m, n ℓ and m+n 2ℓ+1. Let G be a bipartite graph with parts M and N of size m and n, respectively. If G has no (ℓ + 1)-connected subgraph on at least q vertices, then
Proof. We prove this by induction on m + n. To prove the base case, suppose that m = ℓ. The inequality
reduces to (ℓ 2 + ℓ)(n − ℓ) ℓn, which holds if n ℓ + 1. Similarly this inequality is true if n = ℓ and m ℓ + 1. Since e(G) e(K m,n ) = mn, inequality (2) holds when m + n = 2ℓ + 1.
So let q, ℓ, m, n ∈ N, m, n ℓ + 1, and assume that the statement of the lemma holds if |M| + |N| m + n − 1. Let G be a bipartite graph, with parts M and N of size m and n respectively, and with no (ℓ + 1)-connected subgraph on at least q vertices. Suppose first that q m + n + 1. Then
and so inequality (2) holds in this case. Next suppose that q m + n. Since G contains no (ℓ + 1)-connected subgraph on at least q |G| vertices, G itself cannot be (ℓ + 1)-connected, so there exists a cutset C of size at most ℓ. Let x ∈ M and y ∈ N be disconnected by C (i.e. they are in different components of G − C). Since m, n ℓ + 1, we can choose a set C ′ ⊃ C, x, y / ∈ C ′ , with |C ′ ∩ M| = |C ′ ∩ N| = ℓ. Since x and y were in different components of G − C, they must be in different components of its subgraph
we have m i , n i ℓ, and 2ℓ+1 m i +n i m+n−1, since V (G 1 ) and V (G 2 ) are non-empty. Hence we can apply the induction hypothesis to the graphs H 1 and H 2 , since if H i contains an (ℓ + 1)-connected subgraph on at least q vertices then so does G.
, so e(G) e(H 1 ) + e(H 2 ), and by the induction hypothesis we have
Applying Lemma 12 with a = n 1 − ℓ, b = m 1 − ℓ, c = n 2 − ℓ and d = m 2 −ℓ, and using the identities m 1 +m 2 = m+ℓ and n 1 +n 2 = n+ℓ, we have
so the induction step is complete. The lemma follows immediately.
The lower bound in Theorem 2 now follows from Lemma 13 and the following well-known theorem of Mader [7] .
Mader's Theorem. Let α ∈ R, and G be a graph with average degree α. Then G has an α/4-connected subgraph.
Note that since, in any r-colouring of K n , some colour occurs at least n(n − 1)/2r times, Mader's Theorem implies the existence of a monochromatic (n − 1)/4r-connected subgraph. This subgraph is kconnected if n 4kr + 1, and has at least (n − 1)/4r + 1 vertices. It is this weak bound that we shall need to prove the lower bound in Theorem 2.
Proof of Theorem 2. Let n, k, r ∈ N with k 2, r 3 and r − 1 a prime power. The upper bound on m(n, r, 1, k) follows from Lemma 8, so only the lower bound remains to be shown. If n 11(k 2 − k)(r 2 − r) then the result holds vacuously, so assume n > 11(k 2 − k)(r 2 − r). Let f be an r-colouring of E(K n ), and for 1 i r let G (i) denote the graph on V (K n ) with edge set f −1 (i). We shall find, for some i ∈ [r], a k-connected subgraph of G (i) on at least n r−1 − 11(k 2 − k)r vertices. Let H be a monochromatic k-connected subgraph of K n of maximum order, and suppose without loss that H has colour 1.
, and we may assume that c < n/(r − 1), since otherwise H is the desired monochromatic subgraph. Thus c, d > k, since r 3 and n > 4kr. We shall apply Lemma 13 to the bipartite graph
, where i ∈ [2, r] is chosen to maximize the number of edges in this graph.
Since H is maximal, no vertex of D sends more than k − 1 edges of colour 1 into C = V (H), so by the pigeonhole principle, for some i ∈ [2, r] there are at least d(c − k + 1)/(r − 1) edges between C and D of colour i. Fix this i, let ℓ = k − 1 and let
or, equivalently,
then G contains a k-connected subgraph on at least q vertices. The theorem will now follow if we can show that the right-hand side of (3) is greater than n r−1 − 11(k 2 − k)r, by setting q equal to this value.
It therefore only remains to bound (c − ℓ)(d − ℓ) from below. Since
is increasing with c for c < n/2, so since c < n/(r − 1) and r 3, the minimum is achieved by taking c to be assince n (11(2 + ε)k 2 r 2 )/ε and r 3. Thus
then there exists a monochromatic k-connected subgraph on at least q vertices. Now simply observe that we chose δ so that
+ ε r, and the theorem follows. The final implication is attained by setting ε = 2/3 and recalling that r 3.
It would be interesting to know where in the ranges given by Theorems 2 and 14 the truth lies. We strongly suspect that the upper bound from Lemma 8 gives the correct answer. Conjecture 1. Let n, k, r ∈ N with r 3, n 2r(k − 1) + 1, r − 1 a prime power and n − r(k − 1) divisible by (r − 1)
Remark 2. By Lemma 8, m(n, r, 1, k) = 0 if n 2r(k − 1). Hence the lower bound on n in the conjecture cannot be weakened any further.
We also have the following conjecture for the bipartite version of the question. It says that the order of the largest k-connected subgraph equals the upper bound given in Corollary 10 (and so does not depend on k), as long as the partite sets are large.
Conjecture 2. Let m, n, k, r ∈ N, with r 3 and m, n rk. Any r-colouring of the edges of K m,n contains a monochromatic k-connected subgraph on at least m+n r vertices.
Although we have been unable to prove Conjectures 1 and 2, Theorem 3 shows that Conjecture 1 holds in the case r = 3. We shall next prove this result. We begin with an easy lemma.
Lemma 15. Let k, p, q ∈ N satisfy 3p q p 24k, and let P and Q be sets with |P | = p and |Q| = q. Let K p,q be the complete bipartite graph with parts P and Q. Suppose the edges of K p,q are 3-coloured in such a way that each vertex in P sends at most k edges of colour 3 into Q, and each vertex in Q sends at most k edges of colour 2 into P . Proof. Let k, p, q ∈ N satisfy 3p q p 24k, and let f be a 3-colouring of E(K p,q ) satisfying the conditions of the lemma. Let S P = {v ∈ P : v sends at most 3q/4 edges of colour 1 into Q}, and S Q = {v ∈ P : v sends at most 3p/4 edges of colour 1 into P } be sets of 'bad' vertices. We shall remove the bad sets and apply Lemma 5.
We need to bound |S P | and |S Q | from above. Since each vertex of Q has at most k incident edges of colour 2, we have |f −1 (2)| kq, and similarly |f −1 (3)| kp. Also, since each vertex of S P has at least q/4 incident edges of colour 2 or 3, we have |f
, and
Now, let P ′ = P \ S P and Q ′ = Q \ S Q , and let G be the bipartite graph with vertex set P ′ ∪ Q ′ , and edge set f −1 (1) . If x ∈ P ′ , then x sends at least 3q/4 edges of colour 1 into Q, so
and similarly if y, z ∈ Q ′ , then Given graphs G and H, define G ∪ H to be the graph with vertex set V (G) ∪ V (H) and edge set E(G) ∪ E(H). We shall also use the following trivial observation.
Observation 2. Let k ∈ N. If G and H are k-connected graphs, and
We are now ready to prove Theorem 3.
Proof of Theorem 3. Let n, k ∈ N with n 480k. The upper bound on m(n, 3, 1, k) follows from Lemma 8, so only the lower bound remains to be shown.
Let f be a 3-colouring of the edges of K n , and let V = V (K n ). For each i ∈ {1, 2, 3}, let G i be the subgraph of K n with vertex set V and edge set of f −1 (i), and assume that G i has no k-connected subgraph on more than (n − k)/2 vertices. We begin by covering V with monochromatic k-connected subgraphs.
Claim 1: There exist (not necessarily disjoint) subsets A 1 , A 2 , and
Proof. Assume, without loss of generality, that e(G 1 ) e(G 2 ) e(G 3 ). By Mader's Theorem (and since n > 12k), there exists a maximal set
] is a monochromatic k-connected subgraph on more than (n−k)/2 vertices, contradicting our assumption, so (writing 
the second inequality holding because the function −x 2 +(n−k +1)x is increasing for x < (n−k +1)/2, and the third holding because n > 95k.
Since e(H 2 ) e(H 3 ), we obtain e(H 2 ) > n 2 /30, so the average degree in H 2 is at least n/15. Applying Mader's Theorem again, we deduce that H 2 contains an (n/60)-connected subgraph H ′ 2 . Since H 2 is bipartite, H ′ 2 must contain at least n/60 vertices of each class of H 2 ; in particular, it must contain at least 8k vertices of A 1 (since n 480k).
Let A 2 be a maximal set containing
We have now found sets A 1 and A 2 , with G i [A i ] k-connected for i = 1, 2. We complete the proof by using Lemma 5 to find a kconnected graph in
c . Notice that |A 2 | (n − k)/2, since otherwise we would have a monochromatic k-connected subgraph on more than (n − k)/2 vertices, contradicting our assumption. Since V (H 
We want to apply Lemma 5 to the bipartite graph G 3 [X, Y ], but first we must remove the vertices of degree at most k − 1 from X, as in the proof of Theorem 1. As in that proof, let 
is decreasing for x > k − 1, and |Y | 9k. Let X ′ = X \ U, and consider the bipartite graph
. By the definition of U, each vertex in X ′ has degree at least k in this graph. Also, as noted above, each vertex of Y sends at most 2k − 2 edges of colour 1 or 2 into X ′ , so any two vertices in Y have at least
satisfies the conditions of Lemma 5, and therefore by that lemma For the remainder of the proof, {i, j, ℓ} will always be the set {1, 2, 3}, though the order will vary. Let A 1 , A 2 , A 3 be the (maximal) sets given by Claim 1, and for each i (i.e., for each triple i, j, ℓ with {i, j, ℓ} = {1, 2, 3}), let Figure 3) . Figure 3 By Claim 1,
Our initial assumption says that |A i | = a i + b j + b ℓ + c (n − k)/2 for each triple i, j, ℓ. Summing over i = 1, 2, 3 and subtracting (4) gives
whilst summing pairwise and subtracting (4) gives
for each i ∈ {1, 2, 3}. Now, observe that since G j [A j ] is a maximal monochromatic kconnected subgraph, each vertex of A i \ A j sends at most k − 1 edges of colour j into A j \ A i , for each pair i, j. We wish to apply Lemma 15 to the pair of sets A i \ A j and A j \ A i ; the next claim (which we shall also prove using Lemma 15) allows us to do so. Claim 2: a i n/6 for each i ∈ {1, 2, 3}.
Proof. Let i ∈ {1, 2, 3} and suppose a i < n/6. Note that by (6) we also have b i + c a i − k < n/6. Assume, without loss of generality, that |A j \ A ℓ | |A ℓ \ A j |. We shall apply Lemma 15 with P = A j \ A ℓ and Q = A ℓ \ A j .
Let p = |A j \ A ℓ | and q = |A ℓ \ A j |. By assumption, q p. Now observe that p 24k, since otherwise
since a i < n/6 and n > 72k, which contradicts our assumption that |A j | (n − k)/2. Also note that q 3p, since
so if q > 3p, then
which again contradicts our assumption that |A j | (n − k)/2. Hence k, p and q satisfy 3p q p 24k. Also, as observed above, each vertex of P = A j \ A ℓ sends at most k − 1 edges of colour ℓ into Q = A ℓ \ A j , and similarly each vertex of Q sends at most k − 1 edges of colour j into P , by maximality of A ℓ and A j . So by Lemma 15, there must exist a monochromatic k-connected subgraph in G i [P, Q] on at least p + q − 24k vertices. Since p + q − 24k = n − (a i + b i + c) − 24k > 2n 3 − 24k > n 2 (because b i + c < a i < n/6 and n > 144k), this contradicts our assumption that there is no monochromatic k-connected subgraph in G i on more than (n − k)/2 vertices. This final contradiction completes the proof of the claim.
We shall now apply Lemma 15 to the sets A i \ A j and A j \ A i , for each pair i and j. Let i, j ∈ {1, 2, 3} with i = j, and assume, without loss of generality, that |A i \ A j | |A j \ A i |. We shall apply Lemma 15 with P = A i \ A j and Q = A j \ A i .
Let p = |A i \ A j | and q = |A j \ A i |. By assumption, q p. Now, p |A i \ (A j ∪ A ℓ )| = a i , so by Claim 2, p n/6. Since n 144k, it follows that p 24k, and since q |A j | < n/2, it also follows that 3p q. As observed earlier, each vertex of P sends at most k − 1 edges of colour j into Q, and each vertex of Q sends at most k − 1 edges of colour i into P , since A i and A j are maximal.
We finish by stating the obvious question: what happens when r − 1 is not a prime power? Our lower bound still holds in this case, so we have the following easy corollary of (the proof of) Theorem 2.
Corollary 17. Let r, k ∈ N, and n → ∞. Let r ′ be the largest integer less than or equal to r such that r ′ − 1 is a prime power. Then n r − 1 + o(n) m(n, r, 1, k) n r ′ − 1 + o(n).
In particular, (1))n for those r ∈ N which are not prime powers.
Acknowledgements

